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The first boundary value problem of the theory of elasticity is studied for the
regions and loads possessing not only the cyclic [1, 2], but also the mirror sy-

mmetry, The form of the integral Sherman — Lauricella equation is affected
by the type of symmetry.

1, Letaregion D, in general multiply-connected,be defined on a plane with a
rectangular z , y -coordinate system, We shall consider the regions which have mirr-
or symmetry with respect to the rays ¢ = ar/n (r=0,1,...,2r — 1) of the polar

R¢ -coordinate system, Obviously these regions will also have a rotational symmet-
1y about the coordinate center by the angles ay = 2nk/n (k=1,2,...,n —1).
The region D is bounded by several closed contours: Ly, L, ..., Lm, and the cont-
our Lo contains all the remaining contours, We denote the sum of all boundaries
by L. Known external loads are applied along these contours, and the loads possess
the same symmetry as the region D. We assume that the principal vectors of the
extemnal loads applied to the contours Lg(k = 0,1, ..., m) are equal to zero,

As we know, [3,4] the above problem reduces that of finding two functions ¢ (2)
and P (z) of the complex variable z , single-valued in D, the functions satisfying
the following conditions at the boundaries:

PO+ WO +P @D =f(@®)+C;onL (1.3)
where f(#) is a function defined in terms of the external loads and €, C,, ..., C,,

are unknown complex constants one of which can be fixed by putting €, = 0,
From the conditions of mirror symmetry about the x-axis follows

P =7 v =V0 1.2
The symmetry of rotation by the angle ay = 2nk/n holds when [2]
¢ (2) = exp (i) @ (z exp (— iog)), P (z) = exp (— iay) b (z exp (— izy)  (1.3)
Following Sherman [3] we shall seek the functions ¢ (z) and + (z) in the form

1 ( o(t)de
q)(z)=—2—m-5 r— (1. 4)
L
——ae m
1 ol)dt+o@)df fo()dt b,
w(z)=2—mS{ — - (t_z)z}+zz_’zj (1.5)
L =1
bj=iS{(o(t)d5—-o)—(t—)dt}, j=1,.e..,m (1. 6)
L.
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Here o (¢} is a function of the points of the contour and is to be determined,  2j
denote the points within the regions bounded by the contours L; (f =1, ..., m), and
the points are chosen such that for symmetrical contours the points have the same sy~
mmetry,and b; are real constants which can be determined from the above formulas,
Integration along the contour L, is carried out in the anticlockwise direction and
along the remaining contours in the clockwise direction,

The expression (1.4) for @ (z) usually includes another term ideatical with the
last term of (1.5), The term has no significant meaning (see [5]) and the solutioncan
be sought in the form (1.4). However, for the problems possessing a symmetry it is
important that @ {z) is represented precisely by (1. 4) since the function © () has,
in this case, the same simple symmetry properties as the function ¢ (z), and the deri-
vation of the integral equation for the symmetrical problems no longer presents any
difficulties, in constrast to [1, 2], where a different representation of @ (z) was used.

The symmetry conditions (1.2) and (1, 3) will hold, if the following relations hold:

() = o (1), o) == exp (iag) 0 (¢ exp (— i) (L7
2, Letusdenoteby T'p, p=20,1, ..., M, the parts of the contours L;, I,, .

.+ L 1ying within the angle 0 <X ¢ <<=/ n, and let Ty denote a part of the out-
ermost contour, Let T'm® be a mirror reflection of I'p, inthe =z -axis, and Ipx
or I'py* the contour obtained by rotating TI'p, or I'p* by the angle @ Clearly,
the boundary of the region D is a sum of the contours TIpy - T'pp* with & varying
from 0 to n-— 1.

Using the above notation and (1. 6), we can write (1.1), after substituting into it
(1,4) and (1.5), in the form

n—1 M
1 t—1 t— (2. 1)
JOES- DI MR W CICEILE = SCLE = 3 B
F=op=op ol :k
n—1 M
_ o()dF—o(Bdt m(t)dt‘_m(z)dt}
i = ~ + I -
;——o;;{lék o — Zp S to—zpy

Ppk
Ci=fh), =Ty,

where zpr denotes the point z; of (1.5) corresponding to the contour Tpy. By de-
finition, zpx = Zpo eXP (iGk).

Let us change in the integrals along the contours Tpgs Ppp* k=1, ..., n— 1)
the variable of integration T = texp {— iog). According to the second equation of
(L. wehavefor te=Tppt=Tn®, o ) =0 (x) exp (iay). This transforms the
contour I'p; into I'py and Tpx* into Tpo*- Changing now. the variable ¥ in the
integrals along the contours I'p*, T =, o (1) = @ (}) = o (&) we find, that Lpg*
becomes ZLp, but with the opposite direction, Taking this into account, we obtain

" n—1 M . . 2)
o (f) + ErT Z Z S {o(t) exp (i, ) dIn g () —
k=0 p=<0 I‘m
@ (7) exp (ioy) d In &y () — o (1) exp (— i) dE; (1) +
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n—1 M

o (t)df — o (1) dt
t) exp (— iw,) €, (F)} 4 i T —z i
o(t) 1) ¥5k ;;PS{ To = 2, €XP (— itty)
o () df — o () dt _
—_—t'o—-zpoexp(mk)}_cl—f (t)

texp (ix,) — &
L)="7 exp (— ia,) — 7o

(2.3)

Let us determine €p . If Iy, isa closed contour, then according to Sherman
we have
¢=—{owa
T
Consider the case in which Ty, is an open contour. Let I';, and I';p* form a clos-
ed contour intersecting the z -axis, Then, using the condition of mirror symmetry ex-
pressed by the first equation of (1,7), we obtain

¢, =—{lwe+ama

Iy,

Let the contour T';, touch the ray ¢ = n/ n. The condition of mirror symmetry
with respect to this ray yields

o (t) = o (f exp (2in / n)) exp (2in / n)
and this enables us to write C; in the form

: P n
C,=— S [m(t) -+ o (t) exp (2i -—n—)] ds
ry,
Finally, we consider the case when I';, represents a part of the closed contour enclos-
ing the coordinate origin, Using the rotational symmetry by the angle %k we ob-
tain n—1
C,=— 2 {S o (t) exp (ia, ) ds + S o (t) exp (iw,) ds}
k=0 "Iy, Ty %

But for n > 2 we have
n—1

2n 1 — exp (2ni
Y exp () = gy gy
k=0
Consequently, if a rotational symmetry by an angle smaller than 2n exists, then
C; = 0 for the contour in question,

Denote by I' the sum of all contours I'py, and introduceon I a piecewise
constant function p(t):p (8) =p if t =y, i.e, p(t) assumes the value of the
number of the contour containing the point : Now we can write equation (2. 2) in
the form 1 nl
o (t) + 27,5 Z{exp (ing) [0 (1) dInE, (1) — 0 () d In E, (F)] — (2.4)

I k=0
oxp (— ix,) [ (¢) dE, (t) — © (¢) dE,, (F)] —
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Zn[m(z)df—aa_)dt][ ! ! }}_

7oy — zp ©XD (—ia,) + ty — 2, exp (iaty)
Cl = f (t0)1 tO e PIO) l= p (t0)1 P=D (t), Zp = Zpi)

where &, (1) 1is given by (2,3).

Thus the function ® (¢) must satisfy equation (2, 4) defined on the part T of
the contour L of theregion D. The solvability of (2. 4) follows from the solvabil-
ity of the Sherman — Lauricella equation, It is true that in order to prove the unique-
ness of the solution of the latter equation Sherman introduced into it another term
[4] with an unknown imaginary multiplier 5,,,,. In the presence of mirror symme-
try however, this term vanishes by virtue of the first equation of (1. 7).

It should be noted that for the regions with cyclic symmetry only, equation (2.4)
must contain an additional term as in [1, 2]. But even then the function will satisfy
the second equation of (1. 7).
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